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Abstract

Alfeld and Schumaker [Numer. Math. 57 (1990) 651–661] give a for mula for the dimension of the
space of piecewise polynomial functions (splines) of degreedand smoothnessr on a generic triangula-
tion of a planar simplicial complex� (for d �3r+1) and any triangulation (ford �3r+2). In Schenck
and Stiller [Manuscripta Math. 107 (2002) 43–58], it was conjectured that theAlfeld–Schumaker for-
mula actually holds for alld �2r + 1. In this note, we show that this is the best result possible; in
particular, there exists a simplicial complex� such that for anyr, the dimension of the spline space in
degreed=2r is not given by the formula ofAlfeld andSchumaker [Numer.Math. 57 (1990) 651–661].
The proof relies on the explicit computation of the nonvanishing of the first local cohomologymodule
described in Schenck and Stillman [J. Pure Appl. Algebra 117 & 118 (1997) 535–548].
Published by Elsevier Inc.
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1. Introduction and preliminaries

Let � be a planar, strongly connected finite-simplicial complex. The set of piecewise
polynomial functions on� of smoothnessr has the structure of a moduleCr(�) over the
polynomial ringR[x, y]; the subset off ∈ Cr(�) such thatf |� is of degree at mostd for
each two-simplex� ∈ � is a finite-dimensional real vector-space, denotedCr(�)d . In [2],
for almost all triangulations, Alfeld and Schumaker give a formula for the dimension of the
Cr(�)d in terms of combinatorial and local geometric data (data depending only on local
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geometry at the interior vertices of�), as long asd �3r+1. In [12], it was conjectured that
their formula actually holds as long asd �2r + 1. The purpose of this brief note is to show
that this conjecture is optimal; in particular, we exhibit a planar simplicial complex� such
that forany r there exist “special” splines in degreed = 2r. In other words, the conjecture
of Schenck and Stiller[12] is tight.
The methods we use depend on the homological approach developed by Billera in[3]

to answer a conjecture of Strang. This approach was further developed by Schenck and
Stillman in the papers[13,14], using a chain complex different from Billera’s and some
additional technical tools (local cohomology and duality). When� is a planar simplicial
complex, it turns out that the delicate geometry of the problem is captured by a certain
local cohomology module, which as shown in[14] has a simple description (see below).
For example, the geometry of the famous “Morgan–Scott” example, which shows that
even forr = 1 the formula of Alfeld and Schumaker[2] does not apply ford = 2, is
captured by this local cohomology. For more results on the Morgan–Scott triangulation
see[7,8], and for computations of the dimension for small triangulations see[1]. In the
next section we quickly review the presentation of this module; then we exhibit a specific
� and prove that for anyr, the dimension of this module (which exactly captures the
discrepancy betweenAlfeld–Schumaker’s formula and the actual dimension) is nonzero in
degreed = 2r.

2. Review of local cohomology

By taking the cone�̂ over�, we turn the problem of computing dimCr(�)d into a
problem in commutative algebra—compute the Hilbert functionCr(�̂)d (for background
on this, See[11]). As shown in[14],

dim Cr(�)d = dim Cr(�̂)d = L(�, r, d) + dim Nd,

whereL(�, r, d) is theAlfeld–Schumaker formula andN is a gradedR = R[x, y, z]module
of finite length. Lemma3.8 of Schenck andStillman[14] contains the following description:
N is the quotient of a free module generated by the totally interior edges (those edges with
no vertex⊆ ��), modulo the syzygies at each interior vertex. The generators ofNare shifted
so that they have degreer + 1. This description seems cumbersome, but as we will see in
the example below, it is fairly easy to work with.
So in the terms above, the conjecture of Schenck and Stiller[12] is thatN vanishes in

degree 2r + 1. Our goal is to show that this bound is the best possible, so we want to find
a configuration� such that for allr, N2r 	= 0. Consider the following simplicial complex
(see also[12]).

(1,1) (3,1)

(0,0) (2,0) (4,0)

(4,2)(2,2)(0,2)
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To findN, we begin by determining theminimal free resolutions for the idealsIi = J (vi)

for v1 andv2 the interior vertices. We have

I1 = 〈(x + y − 2z)r+1, (x − y)r+1, (y − z)r+1〉,
I2 = 〈(x + y − 4z)r+1, (x − y − 2z)r+1, (y − z)r+1〉.

These ideals are inR = R[x, y, z]. Notice thaty − z is the linear form vanishing on the
totally interior edge. With the change of variables given by the matrix

 1 1 −2
0 −2 2
1 1 −4


 ,

we can suppose that

I1 = 〈xr+1, (x + y)r+1, yr+1〉 and I2 = 〈zr+1, (z + y)r+1, yr+1〉.
The minimal free resolutions for these ideals are:

0 −→ R2

[
A1D1
B1E1
C1 F1

]
−→ R3 [ xr+1 (x + y)r+1 yr+1 ]−→ R −→ R/I1 −→ 0

and

0 −→ R2

[
A2D2
B2E2
C2 F2

]
−→ R3 [ zr+1 (z + y)r+1 yr+1 ]−→ R −→ R/I2 −→ 0.

By Schenck and Stillman[14], Lemma 3.8,N ≈ R(−r − 1)/〈C1, F1, C2, F2〉. In what
follows we will prove that the Hilbert function ofR/〈C1, F1, C2, F2〉 is nonzero in degree
r − 1, for any positive integerr. In other words

HF(N, 2r) = HF(R(−r − 1)/〈C1, F1, C2, F2〉, 2r)
= HF(R/〈C1, F1, C2, F2〉, r − 1)

	= 0.

3. The Hilbert function of R/〈C1, F1, C2, F2〉 is nonzero in degreer − 1

In the previous section, we saw that the idealsI1 andI2 have a special form. First, notice
that they are symmetric (in terms of the generators) inx andz. So replacingx by z in the
forms ofC1 andF1 we obtainC2 andF2. Next, observe that we can look at the idealI1
as an ideal inA = R[x, y]. Similarly, I2 is an idealA′ = R[y, z]. HenceC1, F1 ∈ A and
C2, F2 ∈ A′.
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For i = 1,2, the ideal〈Ci, Fi〉 is a complete intersection. For example, if〈C1, F1〉
is not a complete intersection, sinceC1 	= 0 andF1 	= 0, thencodim(〈C1, F1〉) = 1.
Therefore, there is a nonunit inA, sayd1, such thatd1|C1 andd1|F1. Therefore,d1|xr+1 =
B1F1−E1C1 andd1|(x + y)r+1 = A1F1−D1C1. Hencecodim(〈xr+1, (x + y)r+1〉) = 1.
But this contradicts the fact thatcodim(〈xr+1, (x + y)r+1〉) = 2, as{xr+1, (x + y)r+1} is
a regularA-sequence. So the ideal〈C1, F1〉 is a complete intersection. The same argument
shows that〈C2, F2〉 is also a complete intersection.
These observations will simplify our future computations. We will need to discuss two

cases, depending on ifr is odd or even.

3.1.r +1 = 2n. LetA = R[x, y] andI1 = 〈x2n, (x +y)2n, y2n〉. By Schenck and Stillman
[13], Theorem 3.1, a free resolution forI1 is:

0 −→ A(−3n)2

[
A1D1
B1E1
C1 F1

]
−→ A(−2n)3

[ x2n (x + y)2n y2n ]−→ I1 −→ 0,

where degC1 = degF1 = 3n − 2n = n. From the observations at the beginning of this
section we get the minimal free resolution forA/〈C1, F1〉:

0 −→ A(−2n) −→ A(−n)2 −→ A −→ A/〈C1, F1〉.
Therefore, the Hilbert series isHS(A/〈C1, F1〉, t) = 1−2tn+t2n

(1−t)2
. Hence, there exists a

monomialxuyv of degree 2n − 2 = r − 1 which is not in〈C1, F1〉. In fact, with an easy
computation we can see that this monomial is actuallyx2n−2.
All we did here is in two variablesx andy. Let us go back to the ringR = R[x, y, z] and

suppose that the above monomialxuyv is in 〈C1, F1〉+ 〈C2, F2〉 = 〈C1, F1, C2, F2〉. Then
there are�1,�1, �2,�2 ∈ R such that

xuyv = �1C1 + �1F1 + �2C2 + �2F2.

In this equation, since forx = z we getC1 = C2 andF1 = F2 (see the remarks at the
beginning), we obtain an equation inA = R[x, y]:

xuyv = �1(x, y, x)C1 + �1(x, y, x)F1 + �2(x, y, x)C1 + �2(x, y, x)F1.

= �′
1C1 + �′

1F1.

Soxuyv ∈ 〈C1, F1〉. This contradicts thewaywe chosexuyv. Hence, there is amonomial
of degreer − 1 which is not in〈C1, F1, C2, F2〉.

3.2. r + 1 = 2n + 1. For the odd case, the idea is almost identical. LetA = R[x, y] and
I1 = 〈x2n+1, (x + y)2n+1, y2n+1〉. Again, by Schenck and Stillman[13], Theorem 3.1, a
free resolution forA/I1 is:

0 −→
A(−3n− 1)

⊕
A(−3n− 2)

[
A1D1
B1E1
C1 F1

]
−→ A(−2n − 1)3

[I1]−→ A −→ A/I1 −→ 0,
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where degC1 = 3n+1− (2n+1) = n and degF1 = 3n+2− (2n+1) = n+1. 〈C1, F1〉
is a complete intersection so the minimal free resolution forA/〈C1, F1〉 is:

0 −→ A(−2n − 1) −→ A(−n) ⊕ A(−n − 1) −→ A −→ A/〈C1, F1〉.
Therefore, the Hilbert series isHS(A/〈C1, F1〉, t) = 1−tn−tn+1+t2n+1

(1−t)2
. Hence, there exists

a monomialxuyv of degree 2n − 1 = r − 1 which is not in〈C1, F1〉. As in 3.1., the same
argument gives us that in fact this monomial is not in〈C1, F1, C2, F2〉.
In conclusion the Hilbert function ofR/〈C1, F1, C2, F2〉 is nonzero in degreer −1. This

is exactly what we wanted to see.
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